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We consider the weak localization in a ring connected to reservoirs through leads of finite length
and submitted to a magnetic field. The effect of decoherence due to electron-electron interaction
on the harmonics of AAS oscillations is studied, and more specifically the effect of the leads. Two
results are obtained for short and long leads regimes. The scale at which the crossover occurs is
discussed. The long leads regime is shown to be more realistic experimentally.
PACS numbers: 73.23.-b ; 73.20.Fz ; 72.15.Rn
The classical Drude conductivity of metals is corrected
at low temperature by small quantum corrections. One
of them, called the weak localization (WL) correction,
is a contribution to the average conductance due to in-
terferences of reversed electronic trajectories. WL is a
manifestation of quantum coherence, which provides a
powerful tool to study phase coherence in weakly dis-
ordered metals. A possible way to measure WL is to
analyze its magnetic field dependence : in particular
the conductivity of a ring presents φ0/2-periodic oscil-
lations, as a function of the magnetic flux piercing the
ring, called the Al’tshuler-Aronov-Spivak (AAS) oscilla-
tions1,2 (φ0 = h/e is the quantum flux). Measurement of
AAS harmonics provides a central quantity of mesoscopic
physics : the phase coherence length, the typical length
over which electronic phase coherence is ensured.
Two articles3,4 have recently discussed how AAS har-
monics of the WL correction to conductance 〈∆gn〉 (or
Aharonov-Bohm (AB) harmonics) of a metallic ring are
affected by the decoherence due to electron-electron in-
teraction. Ref.3 emphasized the role to the wires con-
necting the ring to reservoirs, contrary to Ref.4. This is
the aim of the present paper to clarify this question.
We recall the basic framework necessary to study the
question. We consider a metallic ring of perimeter L,
connected at two reservoirs through leads of lengths la
(we consider a symmetric situation where the two arms
of the ring have equal lengths L/2). We define the geo-
metrical parameter3 γ = (8la/L+ 1)
−1. AAS harmonics
involve an integral of the cooperon P
(n)
c (x, x) inside the
network where wires are appropriately weighted4,5 :
〈∆gn〉 ≃ −8 γ2
∫
ring
dx
L2
P (n)c (x, x) . (1)
P
(n)
c (x, x) encodes the contribution of closed interfer-
ing reversed electronic trajectories issuing from x with
winding n. In the present article we will be only inter-
ested in the limit of strong decoherence (high temper-
ature)6, therefore, since the harmonics of the cooperon
are expected to vanish exponentially inside the leads on
a scale given by the phase coherence length, contribu-
tions
∫
leads dxP
(n)
c of the connecting wires have been
neglected in (1). Decoherence due to electron-electron
interaction is taken into account within the framework
of Ref.7 : its efficiency is characterized by the Nyquist
length LN = (ν0D
2/T )1/3 where ν0 is the density of
states, D the diffusion constant and T the temperature.
The cooperon can be written as a path integral
P (n)c (x, x) =
∫ ∞
0
dt
∫ x(t)=x
x(0)=x
Dx(t′) δn,N [x(t′)]
×e−
R
t
0
dt′
[
1
4
x˙2+ 2
L3
N
W (x(t′),x(t−t′))
]
, (2)
where N [x] is winding number of a diffusive trajectory
around the ring. In principle path integral runs over tra-
jectories x(t′) that explore the whole network, however in
the limit of strong decoherence (LN ≪ L) we will make
the approximation that they remain inside the ring. De-
coherence due to electron-electron interaction is modeled
as phase fluctuations for a given electron due to coupling
to the fluctuating electromagnetic field created by other
electrons7,8,9. Decoherence is accounted in (2) through
the functional exp− 2
L3N
∫ t
0 dt
′W , where W is related to
the correlation function of electric potential (given by the
fluctuation-dissipation theorem8,9). Therefore, decoher-
ence depends on the network, and moreover on the nature
of trajectories. In (1) the leads seem absent at first sight,
however their effect is hidden in the cooperon, since the
leads affect the nature of fluctuations of the electric po-
tential, and therefore the decoherence, through W . It
is the purpose of the present paper to discuss if it is an
important effect or not. We will study successively the
long and short lead limits. Finally we will obtain the
scale of the crossover between the two regimes and their
experimental relevance.
Long leads : γ ≃ 0.– The difficulty in evaluating
(1,2) lies in the time nonlocality of the action. In the
case γ = 0, translation invariance inside the ring is re-
covered, W (x, x′) = W (x− x′, 0), what allows to get rid
of time nonlocality thanks to4 W (x(t′) − x(t − t′), 0) →
W (x(t′), 0), and compute precisely the path integral.
2The cooperon is equivalent to the Green function describ-
ing tunneling of a particle with zero energy through pe-
riodic series of quadratic barriers, V (x) = 4
L3N
W (x, 0) ∝
x(1 − xL ) for x ∈ [0, L], starting from x = 0 and arriving
at x = nL. For LN ≪ L, we have found in Ref.4 :
P (n)c (x, x) ∼ LN e−nSinst ∀ x ∈ ring . (3)
Sinst =
pi
8 (
L
LN
)3/2 is the action of the tunneling trajectory
through one barrier. The prefactor LN comes from the
linear behaviour of the potential W (x, x′) ≃ 12 |x− x′| at
short distance, corresponding to V (x) ∝ |x| at the initial
and final point for the tunneling trajectory10. Finally
the AAS harmonics of WL correction to the conductance
read :
〈∆gn〉 ∼ −γ2 LN
L
e
−npi
8
( LLN
)3/2
. (4)
Harmonic of AB oscillations are related to AAS harmon-
ics by11 : 〈δg2n〉 ∼ −γ2(LTL )2〈∆gn〉, where LT =
√
D/T
is the thermal length, which leads to the temperature
dependence 〈δg2n〉 ∝ (LTL )8/3e−nSinst . Two possible in-
terpretations can be given to the result 〈∆gn〉 ∝ 〈δg2n〉 ∝
e
−nSinst . The scaling of harmonics with perimeter L sug-
gests to define a phase coherence length as Lϕ → LN ∝
T−1/3. On the other hand, assuming the AAS1 form
〈∆gn〉 ∝ e−nL/Lϕ, that is to consider the scaling with
n, leads to define a L-dependent phase coherence length
Lϕ → 8pi
L
3/2
N
L1/2
∝ T−1/2. Physical interpretation of this
new length scale have been given in Refs.3,4.
Short leads : γ 6= 0.– In this case W is not anymore
translation invariant inside the ring. To circumvent the
problem of time nonlocality of the action, we can use
the following procedure : for t′ ∈ [0, t/2] we introduce
x1(t
′) = x(t′) and x2(t′) = x(t − t′). Thanks to the
property W (x, x′) = W (x′, x) we get :
P (n)c (x, x) = 2
∫ ∞
0
dt
∫
ring
dx′
∫ x1(t)=x′
x1(0)=x
Dx1(t′)
∫ x2(t)=x′
x2(0)=x
Dx2(t′)
×δn,N [x1,x2] e−S[x1,x2] , (5)
where N [x1, x2] is the winding number of the two tra-
jectories put end to end. The action S[x1, x2] =∫ t
0
dt′
[
1
4 (x˙
2
1 + x˙
2
2) +
4
L3N
W (x1(t
′), x2(t′))
]
describes a 2-
dimensional problem, local in time. In the high tem-
perature regime of interest here (LN ≪ L) we can use
semiclassical methods. Path integral (5) is dominated by
classical trajectories of winding n. Such trajectories are
solutions of the classical equation of motion ~¨r = 8
L3N
~∇W
on the torus [0, L] × [0, L], where ~r ≡ (x1, x2), for ini-
tial and final conditions ~r(0) = (x, x) and ~r(t) = (x′, x′),
with zero energy [hamiltonian is H = − 14 ~˙r 2 + 4L3NW (~r)].
To simplify the problem we can set L = LN = 1, and
denote by S˜ the new dimensionless action, since at zero
energy the L/LN dependence of the action is easily re-
covered : SH=0 = ( LLN )
3/2S˜H=0. At zero energy, the
initial condition on the line x1 = x2, such that W = 0,
fully determines the classical trajectory. Therefore we ex-
pect the structure P
(n)
c (x, x) ∝ e−n(
L
LN
)3/2 eScl(x/L)
, where
S˜cl(x) is the action of the classical trajectory issuing from
~r(0) = (x, x) with winding n = 1 (for L = LN = 1).
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FIG. 1: Left : Example of a classical trajectory of winding
n = 1. The last small segment (inset) corresponds to tunnel-
ing : coordinates aquire a complex part not represented.
Thanks to the symmetries of potential, we can easily
find two particular solutions of the equation of motion.
(i) The solution on the line x1+x2 = L/2 (or 3L/2) is the
one with minimal action S˜cl(1/4) =
Cγ
C0
pi
8 . The dimen-
sionless parameter is3 : Cγ = (
pi
2(γ+1))
3/2[π+2 arcsin γ+
2γ
√
1− γ2]. The ratio Cγ/C0 varies monotonously be-
tween 1 and C1/C0 = 1/
√
2 (Fig. 1). (ii) The solution on
the line x1 + x2 = 0 (or L) is the one with maximal ac-
tion S˜cl(0) = pi8 . Apart for initial conditions x = 0, L/4,
L/2 or 3L/4, the trajectory aquires some finite speed
v‖ = x˙1+x˙2√2 in the direction parallel to the line x1 = x2.
Therefore it can only wind around the ring by going to
complex time t′ = ±iτ . Action also aquires some complex
part, S˜cl(x) = Sreal(x) + iSimag(x), and can be studied
numerically (Fig. 2). (There are two complex trajecto-
ries for the two possible signs t′ = ±iτ , with conjugated
actions).
Finally, assuming the structure
P (n)c (x, x) ∼ LN e−n(
L
LN
)3/2 eScl(x/L)
, (6)
where we have kept the same preexponential factor LN
as for the case γ = 0 since potential presents the same
short distance behaviourW ≃ 12 |x−x′|. The cooperon is
maximal at the middle of the arms of the ring (x = L/4
and 3L/4). Assuming Gaussian fluctuations and using
the steepest descent approximation, we obtain :
〈∆gn〉 ∼ − γ
2
√
n
(
LN
L
)7/4
e
−nCγC0
pi
8
( LLN
)3/2
. (7)
Now we write Sinst =
Cγ
C0
pi
8 (
L
LN
)3/2. Integration over
x has brought an additional factor (LN/L)
3/4. Corre-
sponding AB harmonics are 〈δg2n〉 ∝ (LTL )19/6e−nSinst .
3Despite we follow the same ideas as LM,3 our preexpo-
nential factors for AB/AAS amplitudes disagree10 with
LM’s results 〈∆gn〉LM ∼ L9/4N e−nSinst and 〈δg2n〉LM ∼
L
7/2
T e
−nSinst , by a factor (LN/L)1/2 ∝ T−1/6.
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FIG. 2: Real (top curves) and imaginary (bottom curves) parts
of the action of classical trajectory as a function of initial
condition x, for γ = 0.25 (black circles), γ = 0.5 (red squares)
and γ = 0.75 (green diamonds). Imaginary parts for γ =
0.25 and γ = 0.5 have been rescaled by factors 100 and 10,
respectively.
Crossover.– The steepest descent method, used to de-
rive (7), requires (1 − CγC0 )pi8 ( LLN )3/2 ≫ 1. In the op-
posite limit, P
(n)
c (x, x) can be considered almost con-
stant inside the ring and eq. (4) holds. Therefore, since
Cγ
C0
≃ 1 − 0.23γ (where 32 − 4pi ≃ 0.23), the crossover
between these two situations occurs for γ ∼ γc where
γc ≃ 11
(
LN
L
)3/2
. (8)
Discussion.– To summarize, we have obtained two ex-
pressions (4) and (7) for the AAS harmonics, corre-
sponding to long (γ . γc) and short leads (γ & γc)
regime. Their derivations assumed : (i) LN/L ≪ 1 (va-
lidity of semiclassical approximation), (ii) LN/la ≪ 1,
where la is the length of the leads, otherwise some other
LN -dependent preexponential factor is expected
4,13 since
winding trajectories feel absorbing reservoirs. From ex-
perimental point of view, observability of the effect re-
quires (iii) LN/L large enough in order to obtain some
signal. Applicability of long leads result (4) is (iv) la/L
large (γ . γc). On the other hand, applicability of
the short leads result (7) requires : (v) la/L small
enough laL .
1
8 (
1
γc
− 1), what is more problematic.
Let us rewrite contraints (ii) & (v) as laLN & 1 and
la
LN
. 18
L
LN
[0.09( LLN )
3/2 − 1]. This is only possible for
LN/L . 1/8, which seems pretty irrealistic from experi-
mental point of view since it corresponds to a suppression
of AAS harmonics of e
−pi
8
( LLN
)3/2 ≈ 10−4.
Let us consider a real situation and use parameters cor-
responding to experiments of Ref.14. The highest tem-
perature at which AAS oscillations were still observable15
was T = 700mK (the Nyquist length was LN ≃ 0.59 µm
at 1 K) at which LN/L ≃ 0.17, which is above the thresh-
old of applicability of the short leads result (7). At this
temperature γc ≃ 0.7, which leaves a large room to the
long leads regime (4), and for which (ii) is not possible to
fulfill since (v) gives la . 0.2µm far below LN = 0.66µm.
However we note that, up to now, the experiment15 is not
able to give information on the T -dependent prefactor.
We conclude that the long leads result (4) might be
used for devices easily realized, whereas short leads result
(7) seems to apply to rather irrealistic situations.
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Appendix : potential W (x, x′).– The potential is
defined4 asW (x, x′) = 12 [Pd(x, x)+Pd(x
′, x′)]−Pd(x, x′),
where the diffuson Pd is solution of −∆Pd(x, x′) =
δ(x − x′) and vanishes at the reservoirs. By definition
it is a symmetric function of its two arguments. It has
fully been constructed for a connected ring in Ref.4. We
choose coordinate x ∈ [0, L] such that x = 0 and x = L/2
correspond to the points of attachment of the leads.
• If x, x′ ∈ the same arm W (x, x′) = 12 |x − x′|[1 − (γ +
1) |x−x
′|
L ]. In the plane (x, x
′), equipotentials are straight
lines.
• If x, x′ /∈ the same arm. For 0 6 x 6 L/2 6 x′ 6 L :
W (x, x′) = 12 (x
′−x)[1−(γ+1)x′−xL ]− 2γL (x− L2 )(x′− L2 ).
Equipotentials are ellipses (circles for γ = 1). Note that
on the line x+x′ = L we find thatW (x, L−x) = x(1− 2xL )
is independent on γ.
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FIG. 3: Potential W (x, x′) as a function of x/L and x′/L,
for γ = 0.5.
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